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ABSTRACT. The zero-divisor graph of a commutative semigroup with zero is the graph
whose vertices are the nonzero zero-divisors of the semigroup, with two distinct vertices
adjacent if the product of the corresponding elements is zero. New criteria to identify zero-
divisor graphs are derived using both graph-theoretic and algebraic methods. We find the
lowest bound on the number of edges necessary to guarantee a graph is a zero-divisor graph.
In addition, the removal or addition of vertices to a zero-divisor graph is investigated by using
equivalence relations and quotient sets. We also prove necessary and sufficient conditions
for determining when regular graphs and complete graphs with more than two triangles
attached are zero-divisor graphs. Lastly, we classify several graph structures that satisfy all
known necessary conditions but are not zero-divisor graphs.

1. INTRODUCTION

The zero-divisor graph was first introduced by Beck (1988)) in the study of commutative
rings, and later studied by |Anderson and Livingston| (1999). F. DeMeyer (DeMeyer et al.
2002) pioneered the use of zero-divisor graphs to study semigroups. A graph G = (V, E) is
a set of vertices V and edges F. Edges are unordered pairs of vertices, and we say vertices
x and y are adjacent, denoted = — y, if there is an edge (z,y) € E. The degree d(x) of a
vertex x is the number of vertices adjacent to x. Let S be a commutative semigroup with
zero. The zero-divisor graph of S, denoted I'(S), is the graph with vertices corresponding
to the nonzero zero-divisors of S, and distinct zero-divisors x and y are adjacent if and
only if xy = 0. The zero-divisor graph provides a connection between graph theory and
algebraic theory that aids in the study of the zero-divisor ideal. Many properties of I'(S)
have been discovered. For example, I'(S) is connected and diam(T'(S)) < 3 (i.e., there exists
a path of length at most 3 between every two vertices) (Anderson and Livingston) |1999).
For a graph G and U C V(G), the subgraph of G induced by U, denoted G[U], is the graph
with V(G[U]) = U and edge (u,v) € E(G[U]) if and only if (u,v) € E(G). The core of
a graph G is defined to be the largest induced subgraph of G such that every edge in the
core is part of a cycle (see Figure [I)). [DeMeyer et al| (2002) proved that if I'(S) contains
a cycle, then the core of G is a union of quadrilaterals and triangles and any vertex not
in the core is an end (a vertex of degree 1). Define the neighborhood N(zx) of a vertex z
to be the set of all vertices adjacent to x. [DeMeyer and DeMeyer| (2005) showed that for
every pair of nonadjacent vertices z and y in T'(S), there must exist a vertex z such that
N(z)UN(y) € N(z), where N(z) := N(z)U{z} is the closure of N(z). The aforementioned
necessary conditions are sufficient for graphs with fewer than 6 vertices to be zero-divisor
graphs (DeMeyer and DeMeyer, 2005)), but no general necessary and sufficient conditions for
zero-divisor graphs are known.

A few classes of graphs are currently known to be zero-divisor graphs. The complete graph

K, has n vertices and all distinct vertices are adjacent. The (disjoint) union Gy U G of
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FIGURE 1. The graph G (left) and the core of G (right). Note that G contains
a degree 2 vertex not in the core, so it is not a zero-divisor graph.

graphs G1, Gy with disjoint vertex sets is the graph with V(G U G2) = V(G;) UV (G3) and
E(G1UGs) = E(Gy) U E(G3), and the join G1 V Gy of graphs Gy, Go is the union of the
two graphs with additional edges (vy, vo) for all v; € Gy, vy € Gy. Let pK,, denote the union
of p complete graphs (e.g., pK; represents p isolated vertices). Then the complete n-partite
graph is Ky, p,  p. = Vi piK1. A 2-partite graph is called bipartite. K, is called a star
graph, and the vertex adjacent to p other vertices is the center of the star graph. Note that
K, is a star graph and has two centers. A graph is called the refinement of a star graph
if there exists a vertex adjacent to all other vertices. Complete graphs, complete graphs
together with an end, complete bipartite graphs, complete bipartite graphs together with an
end, and refinements of star graphs are zero-divisor graphs (DeMeyer and DeMeyer| 2005)).
The semigroups S whose zero-divisor graph is an n-partite graph are described in |DeMeyer
et al.| (To appear).

In this paper, we continue work on determining when an arbitrary graph is a zero-divisor
graph and on characterizing all semigroups corresponding to a zero-divisor graph. We find the
lowest possible bound on the number of edges e(G) in a graph G that guarantees G = I'(.5).
Wu and Lu (2008) showed that for a zero-divisor semigroup S and vertex x of I'(S), re-
moving all ends attached to x results in a sub-semigroup of S. We prove in Proposition [3.1
that if a vertex x is only adjacent to vertices of higher degree, then removing all vertices
with neighborhoods that are a subset of N(x) from I'(S) results in a zero-divisor graph, thus
obtaining the previous result as a corollary. Wu and Lu| (2006 showed that for n > 4, the
complete graph K, together with two end vertices has a unique corresponding zero-divisor
semigroup, and K, together with three end vertices has no corresponding semigroups. We
continue this work by classifying when K, with at least 3 degree 2 vertices attached is a
zero-divisor graph. We additionally investigate when the removal or addition to I'(.S) of ver-
tices with identical neighborhoods results in another zero-divisor graph by using equivalence
relations and quotient sets. We find that one can often determine if a graph is a zero-divisor
graph by examining particular subgraphs. Let I, = {z € V(I'(S)) | d(z) > k} U {0} for
a positive integer k. DeMeyer and DeMeyer| (2005) proved that {I} is a decreasing chain
of ideals in S. We study Ia, the set of all vertices with maximum degree, and in doing so
prove a necessary and sufficient condition for determining if a regular graph (a graph where
all vertices have equal degree) is a zero-divisor graph. The complement G of graph G is the

graph with the same vertices as G and with two vertices adjacent in G if and only if they
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are not adjacent in G. |Jiang et al.| (2006)) showed that a graph is never a zero-divisor graph
if its complement is a complete graph with at least 4 vertices that each has at least one end.
In section 5, we generalize this result by showing that graphs with “modified star graphs”
as their complements are never zero-divisor graphs.

Through this paper, all semigroups are multiplicative commutative semigroups with zero.
We call a semigroup a zero-divisor semigroup if it consists solely of zero-divisors. The set of
zero-divisors (including 0) of semigroup S, denoted Z(S), forms an ideal. Note that Z(.5)
is then a zero-divisor semigroup and I'(S) = I'(Z(S)). For a € S, define the annihilator
set of a as ann(a) := {x € S | za = 0}. Observe that ann(a) = N(a) U {0} if a® # 0 and

ann(a) = N(a)U{0} if a®* = 0. Note that for a semigroup S and a,b € S with ab # 0, we have
N(a)UN(b) C N(ab) since ann(a)Uann(b) C ann(ab). Finally, we used a computer program
to generate all non-isomorphic graphs with 6 vertices that are not zero-divisor graphs, but

satisfy all previously known necessary conditions; these are shown in Figure [2]

1 A<

FiGure 2. All graphs with 6 vertices that are not zero-divisor graphs but
satisfy the mentioned necessary conditions.

2. EDGE COUNTING

In this section, we show that all connected graphs with a sufficient number of edges are
zero-divisor graphs. It is straightforward to see that complete graphs K, and complete
graphs K, with p edges removed are always zero-divisor graphs if p is very small relative
to n. For this reason, we characterize graphs by the number of edges in their complements,
and define IC,, , to be the set of all connected graphs with n vertices and e(X,,) — p edges.

Note that a complete graph K, has e(K,,) = (Z) = @ edges.

For p < n—1, any graph in K, , has a disconnected complement. We therefore introduce a
helpful lemma which allows us to break graphs with disconnected complements into smaller
subgraphs.

Let the disjoint graph I'*(S) of a semigroup S be the simple graph whose vertices are the
nonzero elements (not necessarily zero-divisors) of S with distinct vertices x and y connected
with an edge if 2y = 0. The construction of I'*(.S) is very similar to the construction of I'(S).
In fact, a graph G is the disjoint graph of a semigroup if and only if it is the union of the zero-
divisor graph of a semigroup and some number of isolated vertices. To show this, observe
that all zero-divisors in the disjoint graph must be contained in one connected component.
The zero-divisors form an ideal, so we have the desired union. Conversely, let G = I'(.5).
Define T' = S U {vy,...,v,} with the rules induced from S and v;x = vy for all x € T.
Associativity holds, so T" is a semigroup with I'*(T") = G U nKj;.
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When not specified, the graph of a semigroup refers to the standard zero-divisor graph.

Lemma 2.1. If graphs {G,} are disjoint graphs of semigroups, then G = \/ G4 is a zero-
divisor graph.

Proof. Suppose each G, = I'(S,U{0}), where S,U{0} is a semigroup. Define S = | J S,U{0}
with the rules induced from S, and ab = 0 if a,b are not in the same S,. Then (ab)c =
a(bc) = 0 if a, b, and ¢ are not in the same S,; so S is associative and thus a semigroup with

I'(S)=aG. u

Lemma 2.2. Let G =\/ G, be a graph. Then each G, is the disjoint graph of a semigroup
if G is a zero-divisor graph, |G| > 1, and G, is not the refinement of a star graph for all cv.

Proof. Assuming G = I'(S), where S is a semigroup, let S, be the set of elements of S
associated with V(G,). Take a,b € S, and suppose ab = x € Sg for a # /5. Since |Sg| > 1
and G is not the refinement of a star graph, there exists y € Sz such that (ab)y = xy # 0,
but a(by) = a(0) = 0, contradicting associativity. Hence ab € S,, and S,U{0} is a semigroup
with I'(S, U {0}) = G,. [

Corollary 2.3. Let G be a connected graph which is not the refinement of a star graph,
and let Hy, ..., H, be the connected components of the complement graph G. Then G is a
zero-divisor graph if and only if each G[V (H;)| is the disjoint graph of a semigroup.

Corollary 2.4. Any complete k-partite graph is a zero-divisor graph.

We call an edge u — v with d(u) = d(v) = 1 a single component edge.
The degree sequence of a graph is the non-increasing sequence of its vertex degrees.

Theorem 2.5.
(1) All graphs in K, for p < [n/2] + 1 are zero-divisor graphs.
(2) For every integer p with [n/2] +1 <p<e(K,)—(n—1)= %2("_2), there exists a
graph in IC,, , which is not a zero-divisor graph.

Proof. (1) Assume p < [n/2] + 1. Take G € K,,,, which is a complete graph with p edges
removed. If p < ["T’lj, then G is missing at most ”T’l edges. Thus removing p edges from
K, decreases the degree of at most n — 1 distinct vertices, leaving at least one vertex with
degree n — 1. Hence G is the refinement of a star graph, which is the graph of a semigroup.

Now suppose [“51] < p < [n/2] + 1. For n even, observe that p = 2,2 + 1, and for n
odd, p = ”TH, "T*?’ If G has a vertex of degree n — 1, then G is the graph of a semigroup.
We next consider the four cases where G' has no vertex of degree n — 1.

Case 1. n is even, p = 5. In order for GG to not be the refinement of a star graph, G' must

have degree sequence {n —2,n — 2,...,n — 2}, which implies that all p of the edges in G
must be single component edges.

Case 2. niseven, p = 5 +1. Then G can have degree sequence {n—3,n—3,n—2,...,n—2}
or {n —4,n —2,...,n—2}; so G has at least p — 4 single component edges.

Case 3. nisodd, p = ”T“ Then G can only have degree sequence {n—3,n—2,... ,n—2};

so G has exactly p — 2 single component edges.
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Case 4. nis odd, p = ”T*O’ Then G can have degree sequence {n—5n—2,....,.n—2}, {n—
4,n—3mn—2,....n—2}, or {n—3,n—3,n—3,n—2,...,n—2}; so G has at least p — 6
single component edges.

_Let k be the number of single component edges in G. Removing all such components from
G, we have a graph W with n — 2k vertices and p — k edges. Looking at the previous cases
again,

Casel.n—2k=n—2p=0and p—k=0.
Case 2. n—2k<n—-2p—-4)=6andp—k=5+1—k.

Case 3. n—2k<n—-2(p—2)=3andp—k= — k.

ntl
2
Case 4. n—2k<n—2(p—6)=9andp— k=22 — k.

2

In all cases, n — 2k <9 and p— k < [”‘Tyﬂ + 1. We checked using a computer program
that all (possibly disconnected) graphs with m vertices and e(K,,) — ¢ edges for for m <
9, ¢ < [m/2] + 1 are disjoint graphs of semigroups. Therefore W is the disjoint graph of a
semigroup, and the complement of each single component edge is 2K7; so from Corollary [2.3]
G is a zero-divisor graph.

(2) Assume [n/2] +1 < p <e(K,)— (n—1), which forces n > 4. Let G be a graph with n
vertices {vy, ..., v, } and (n—1) edges v1—v3, v1—vy, . .., V1 —Vp_1, Va— U4, Vo—V,,. Add edges to
G so that G has e(K,,) —max(n, p) edges, but the n edges vy — vy, V9 —v3, ..., Vy_1—Up, Uy — V1
are not in G. If p < n, then also add in the edges v449; — V5425 for 0 < 7 <n—p. Then vy, vy
are nonadjacent and from construction N(vy) U N(vy) = {vs,vy,...,v,}. For i =1,2,3,n,

we have v;_1,v;41 ¢ N(v;), and for 3 < i < n, either v;_1 ¢ N(v;) or v;41 ¢ N(v;). Thus
there is no v; with N(v1) U N(vy) € N(v;). Therefore G is not a zero-divisor graph.

Notice that vy € N(vy) N N(vs). Therefore the path vy — vy — vy connects v; and vy. Since
every vertex is contained in either N(vy) or N(vq), this shows that G is connected. Thus G

is in /Cyy . |

Remark. The number of edges e(K,) = (;) = (n(n — 1))2; so it follows from the theorem

that a connected graph G is a zero-divisor graph if e(G) > (g) — [n/2] — 1. The set I,
contains a refinement of a star graph for p < e(K,) — (n — 1); so it cannot be determined
from e(G) whether G is a zero-divisor graph when n — 1 < ¢(G) < (}) — [n/2] — 1. Lastly,

2
any G with ¢(G) < n — 1 cannot be connected.

3. REMOVING AND ADDING VERTICES

Corollary [2.3]shows that methods of identifying zero-divisor graphs from smaller subgraphs
are very useful. We investigate when removing or adding vertices to zero-divisor graphs also
result in zero-divisor graphs.

For the rest of the paper, all semigroups are assumed to be zero-divisor semigroups.

3.1. Removing vertices. The following proposition introduces a new semigroup ideal,
which provides a sufficient condition for removing a set of vertices with similar neighborhoods

from a zero-divisor graph.
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Proposition 3.1. Let G = I'(S), a € V, and T(a) = {x : N(z) € N(a)}. If N(z) —
N(a) # O for all x € N(a), then (V — T(a)) U {0} is an ideal, and the induced subgraph
G[(V —T(a)) U{a}] is the disjoint graph of a semigroup.

Proof. Take x € V —T(a) and y ¢ N(z). Then N(z)UN(y) C N(zy). If [N(z)— N(a)| > 1,
then N(zy) € N(a). Next, suppose that |N(xz) — N(a)| = 1 and N(zy) € N(a). Since
N(z) C N(xzy) but N(x) € N(a), we must have N(z) — N(a) = {zy}. Therefore zy and z
are adjacent; so x € N(zy) € N(a). Hence a and x are adjacent, and a € N(z) — N(a). By
assumption, N(z) — N(a) # 0; so a # xy. This contradicts |N(x) — N(a)| = 1. Therefore
N(zy) € N(a) and V — T'(a) forms an ideal.

Let A= {x: N(x) = N(a)}. Suppose there does not exist an z € A such that 2> € (V —
T(a))U{0,z}. Then there must be a C' = {x1,..., 24} C A with & > 2 such that z? = ;1
fori=1,...,k—1and 22 = ;. Suppose & = 125 - - -z, ¢ A. Then N(a) = N(z1) C N(z)
implies either N(a) C N(z) since x ¢ A or x € N(a). We must have z € (V —T(a))U{0} in
both cases. Since (V—T(a))U{0}is anideal, z;(x1xq - - - x) = 2922+ - -2, = 21 € (V-T(a))U
{0}, a contradiction. Therefore z € A, but (1@ x1)? = 2323+ 22 = 2y 237, = T,
another contradiction. Thus there must exist an z € A with 2% € (V —T(a))U{0,x}. Again,
since (V —T'(a)) U {0} forms an ideal, (V —T'(a)) U {0, z} is a sub-semigroup. |

The conditions in the previous lemma are always satisfied if d(z) > d(a) for all z € N(a)
or if a is an end.

3.2. Quotient semigroups and graphs. We further investigate removing vertices with the
same neighborhoods from zero-divisor graphs by using equivalence relations and quotients
on semigroups and their associated graphs.

A congruence ~ on a semigroup S is an equivalence relation with the property that
a~b x~y=axr~byforall abx,yecs.

Let ~ be an equivalence relation on S. Define the binary operation - on S/~ by [a][b] := [ab]
for a,b € S, where ab is the product of a and b under the binary operation in semigroup S.

Theorem 3.2 (Howie, 1976, Theorem 5.3). (S/~,-) is a well-defined semigroup if and only
if ~ 1s a congruence on S.

We define the annihilator equivalence relation ~4 on S by a ~4 b if ann(a) = ann(b).
Theorem 3.3. ~ 4 is a congruence on S.

Proof. By inspection, ~4 is an equivalence relation. Suppose a ~4 b and x ~4 y. Then
z € ann(azr) = (ax)z = a(zz) = 0 = xz € ann(a) = ann(b) = z € ann(bxr). Thus
ann(az) C ann(bz), and similarly ann(bx) C ann(by). Hence ann(ax) C ann(by), and thus
ann(by) C ann(ax) by symmetry. Hence ann(ax) = ann(by); so ax ~ 4 by. Therefore ~4 is
a congruence. [

Corollary 3.4. (S/~a4,-) is a semigroup.

We call the semigroup S/~ 4 the annihilator quotient semigroup of S. Since x? may or may
not equal 0 for x € S, the zero-divisor graph of the annihilator quotient semigroup cannot
be constructed from only I'(S). Annihilator sets are, however, very similar to neighborhood

sets: ann(x) = N(x)U {0} for x € S — {0} if 2* # 0, and ann(z) = N(x) U {0} for
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r €S — {0} if 22 = 0. We show that neighborhood quotient graphs provide information on
possible semigroups associated to the original graph.

Define the open neighborhood equivalence relation ~o on the vertex set V by u ~g v if
N(u) = N(v). Similarly define the closed neighborhood equivalence relation ~¢ by u ~¢ v if
N(u) = N(v). We construct the open neighborhood graph =,(G) with V(Z,(G)) = V(G)/~o
and [v]o, [w]o € V(Z,(G)) are adjacent if and only if v, w € G are adjacent. Likewise, define
the closed neighborhood quotient graph Z.(G) by using ~¢.

An equivalent definition of =,(G) is to construct =,(G) by removing a vertex u from G
if there is a vertex v with N(u) = N(v), and repeating this process until no such vertex
remains. The analogous definition is true for Z.(G). These alternate definitions show that
E,(G) = Z,(E,(G)) and Z.(G) = E.(E.(G)). This behavior is mirrored in annihilator
quotient semigroups.

Theorem 3.5. Let S be a zero-divisor semigroup with [0] = {0} € S/~a4, and let [a], [b] €
S/~ 4. Then ann([a]) = ann([b]) if and only if [a] = [b].

Proof. Let a,b € S such that ann([a]) = ann([b]). Then za = 0 = [2][a] = [0] = [2] €
ann([a]) = ann([b]) = [2b] = [2][b] = [0] = {0} = 2b = 0. Thus ann(a) C ann(b) and by
symmetry ann(b) C ann(a); so [a] = [b]. The other direction is obvious. |

Corollary 3.6. If S is a zero-divisor semigroup with [0] = {0} € S/~4, then S/~4 =
(S/~a)/~a-

Observing that S = V U {0} for a zero-divisor semigroup S, we extend ~p and ~¢ to
equivalence relations on semigroups by setting N(0) := V and N(0) := S. Let [z]o denote
an element of S/~ and [z]¢ denote an element of S/~¢. Note that [0]p = [0]c¢ = {0} under
both equivalence relations because a ¢ N(a) and N(a) C V for a # 0.

If ~¢ is a congruence, Theorem [3.2| implies (S/~, -) is a semigroup, and we observe that

['(S/~0) = Z,(I'(S)). Similarly if ~¢ is a congruence, then I'(S/~¢) = Z.(I'(5)).

Proposition 3.7. Let G =T'(S). If Z,(G) is not a zero-divisor graph, then there exists an
r € S — {0} with x> = 0. If G is not the refinement of a star graph, and Z.(G) is not a
zero-divisor graph, then there exists an x € S — {0} with x* # 0.

Proof. Suppose 2% # 0 for all z € S — {0}. Then ~4 and ~¢ are equivalent; so I'(S/~,) =
Z,(G), a contradiction. Suppose z? = 0 for all x € S. There does not exist y € S with
ann(y) = ann(0) since G is not a refinement of a star graph. Therefore ~4 and ~¢ are
equivalent; so I'(S/~4) = Z.(G), a contradiction. |

Proposition 3.8. If S is a semigroup and ~¢ is a congruence, then x®> # 0 for all0 # x € S
with |[x]o| > 1. If S is a semigroup and ~¢ is a congruence, then > =0 for all0 #x € S
with |[x]c| > 1.

Proof. Suppose ~¢ is a congruence and there exists a nonzero x € S with |[z]o| > 1 and
z? = 0. Pick y € [z]p not equal to z. Then y ~o = = N(y) = N(x) = zy # 0; so
0]o = [2%]o = [*]o]z]o = [*]o[y]o = [ry|o contradicts S/~p being a semigroup.

Suppose ~¢ is a congruence and there exists a nonzero x € S with |[z]¢] > 1 and
z? # 0. Pick y € [z]¢ not equal to z. Then y ~c = = N(y) = N(x) = zy = 0; so
0]c = [zy]e = [z]c[y]le = [z]c[x]c contradicts S/~¢ being a semigroup. [ |
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The following examples show when ~p and ~¢ may or may not be congruences. They
also illustrate how the previous propositions may be used to determine whether ~p and ~¢
are congruences.

Example 3.9. Let G be the graph in Figure [3] Let S be the zero-divisor semigroup with
G=T(S)andruleszy =z, 22 =0, y* =y, a®> =a, V> =b, and ? = c.

Then [z]o = {z,y} but 22 = 0, so by Proposition [3.8] the relation ~¢ is not a congruence
on S. By direct calculation, S/~¢ is a semigroup, so ~¢ is a congruence.

[

FIGURE 3. Graph G in Example [3.9]

Example 3.10. Let G be the graph in Figure [dl Let S be the zero-divisor semigroup with
G=T(S)andrules a®> =0, b*=0b, *=c, 2> =u, y* =y, ay =a, by =b, and cy = c.
As S = S§/~p, we have that S/~¢ is a semigroup, so ~¢ is a congruence on S. Since
lalc = {a,b,c} but b* = b # 0, Proposition [3.8 shows that ~¢ is not a congruence on S.

b

FiGURE 4. Graph G in Example [3.10|

Example 3.11. Let G be the graph in Figure 5] Let S be the zero-divisor semigroup with
G =T(S) and rules 2?2 =0, y* =y, and a> = V> = > = ab = bc = ac = a.
By direction calculation, both S/~p and S/~¢ are semigroups, so ~o and ~¢ are both
congruences on S.
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Example 3.12. Let G be the graph in Figure [l Let S be the zero-divisor semigroup with
G=T(S)and rules 22 =0, y* =y, a®> =0, V> =b, P =¢, s> =35, t? =t, at =2, yt =
y, xy =z, at =a, bt =b, and ct = c.

We see that [z]o = {z,y} but 2> = 0, so by Proposition [3.8] the relation ~¢ is not a
congruence on S.

Also note that [b]c = {a,b,c} but b¥*> = b # 0, so again by Proposition [3.8] the relation ~¢
is not a congruence on S.

3.3. Adding vertices. As quotient graphs are formed by removing duplicate vertices, we
investigate the “inverse” operation of adding duplicate vertices to a graph.

First we note that adding duplicate vertices to a zero-divisor graph does not always result
in another zero-divisor graph.

Example 3.13. (1) The union of a 4-cycle a; — as — by — by and one vertex ¢;, where
N(cq) = {b1, bs}, is a zero-divisor graph. (2) The union of the same 4-cycle with ¢y, o, ..., ¢
vertices for m > 2 with N(¢;) = {b1, ba} is never a zero-divisor graph.

Proof. (1) Let S = {ay, as, by, by, c1} with rules

~Oa1a2b1bgcl
0{0 0 0 0 0 O

aq 0 aq 0 bl 0 bl
(05} 0 0 (05} 0 bg bg
by |0 by 0O O 0 O
b |O 0 by O 0 O

C1 0 b1 bg 0 0 0

One can check that S is associative and therefore a semigroup.

(2) Let G be the union of a 4-cycle a; —as — by — by with vertices ¢q, ..., ¢, (m > 2). Suppose
G =T(S). Then {as,b1,bs} = N(a1)UN(¢;) € N(ayc;) = aic; = by, and similarly ase; = bs.
For i # j, (mici)c; = bic; = 0 = ¢ic; € ann(ay), and similarly ¢;c; € ann(az). Therefore

cic; € ann(ay) Nann(az) C {a1, as}. However {b1,by} C ann(c;c;), a contradiction. |

The next lemma presents a very useful condition for when duplicate vertices can be added.

[

FiGURE 5. Graph G in Example [3.11]
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FIGURE 6. Graph G in Example [3.12]

c1 c1 . Cm

bo by ba by

as as o, @@,

F1GURE 7. The graph on the left is a zero-divisor graph, but the graph on the
right is not.

Lemma 3.14. Let G =T'(S). For any a € S, adding a vertex b to G with N(b) = N(a) if
a’? # 0 or N(b) = N(a) if a®> = 0 results in a zero-divisor graph.

Proof. Let S U {b} have rules induced from S. Define bx = ax for all x € S — {a}, and
b = ab = a®. Tt is clear that (zy)z = z(yz) if the rule ab = a? is not used. Otherwise if
ry = a, we have ab = (zy)b = z(yb) = x(ya) = (zy)a = a*. Note that xy never equals b.
Lastly, (ab)z = (a*)x = a(ax) = a(bxr) = b(ax). Therefore S U {b} is a semigroup, and one
can check that I'(S U {b}) produces the desired graph. |

Corollary 3.15. Let G = I'(S). Then there exist infinitely many non-isomorphic zero-
divisor graphs that contain G as a subgraph.

Proof. With knowledge of the squares of elements in .S, Lemma [3.14] allows us to “expand”
the graph GG by adding infinitely many additional vertices. [ |

Corollary 3.16. Let G = T'(S) with a € V. If the graph formed by adding a vertez b to G
with N (b) = N(a) is not a zero-divisor graph, then a*> =0 in S.
If the graph formed by adding a vertexr b to G with N(b) = W is not a zero-divisor
graph, then a®> # 0 in S.
10



Example 3.17. Let G = I'(S) be the graph with V = {a1,a2,b1,b2, 1} as in Figure [7]
Adding a vertex ¢y to G with N(c2) = N(c¢;) does not result in a zero-divisor graph, so
¢ =01in S from Corollary (3.16]

Corollary 3.18. Let G be a connected graph that is not the graph of a semigroup. Then
Zo(G) (with vertices [z]o,z € V(G)) is not the graph of a semigroup S that has [x]3 # 0
for all 0 # [z]o € S with |[z]o| > 1, and E.(G) is not the graph of a semigroup S that has
[z)2, =0 for all 0 # [x]c € S with |[z]c| > 1.

Corollary 3.19. Let G be a connected graph. If Z,(G) = T'(S) (with vertices [x]o,z €
V(Q)) for a semigroup S satisfying the property that [z]% # 0 for all nonzero [z]o € S with
[[z]o| > 1, then G is a zero-divisor graph.

If 2.(G) = T'(S) for a semigroup S satisfying the property that [z]% = 0 for all nonzero
[z]c € S with |[z]c| > 1, then G is a zero-divisor graph.

Example 3.20. Let G be the graph in Figure[8| Define semigroup S = {[0]o, [21]o, [v1]o, [z1]o}
with [21]? = [#1], [11]* = [11], [21]> = [21], and all other products equal to 0. As Z,(G) =
I'(S), Corollary implies G is a zero-divisor graph.

[21]

[z1] [v1]

Eo(G)

FIGURE 8. The octahedron G is a zero-divisor graph since =,(G) = I'(S), and
S satisfies the property stated in Corollary

Lemma can only be used if one knows the value of a®>. The next lemma provides more
specific graph conditions for when a? cannot equal 0.

Lemma 3.21. Let G = I'(S) and a € V. If there exists y ¢ N(a) such that for each
T € W, there ezists z ¢ N(a) not equal to y that satisfies one of the following conditions:
(1) z¢ N(x) and y — z;
(2) z ¢ N(z), 2 ¢ N(y), and for all w such that N(y) U N(z) C N(w), w € N(a);
(3) z—z, z ¢ N(y), and for all w such that N(y) UN(z) C N(w), w ¢ N(a);
then adding another vertex with the same neighbors as a results in the graph of a semigroup.

Proof. Suppose a®> = 0. Then a(ay) = a®y = 0 = ay € N(a). Suppose ay = = € N(a).
Examining the 3 conditions, we have

(1) (ay)z = zz # 0 and a(yz) = 0, or

(2) (ay)z # 0 and N(y) UN(z) C N(yz) = a(yz) =0, or

(3) (ay)z =2z =0and yz ¢ N(a) = a(ylzl) # 0.




Associativity does not hold, so we have a contradiction. Therefore a> # 0. Then from
Lemma |[3.14] we can add another vertex with same neighbors as a to G. |

Theorem 3.22. Let G =T'(S) be a graph with cycles.

(1) If a is an end adjacent to z, adding another end to x still results in a zero-divisor
graph.
(2) Removing an end results in a zero-divisor graph.

Proof. (1) If x is adjacent to every other vertex, then adding another end results in the
refinement of a star graph. Otherwise, there exists z ¢ N(z). Pick y € N(z). Then
y# x =y ¢ N(a). Now G satisfies the conditions of Lemma , since N(a) = {a,z},
z ¢ N(a), and z ¢ N(x).

(2) Let = have k ends. From Proposition , removing all ends adjacent to x except one
results in a zero-divisor graph. Then using (1), we can add another k£ — 2 ends to z, resulting
in £k — 1 ends. [

It has been determined in previous literature when adding ends to a complete graph results
in a zero-divisor graph. We continue the study of adding vertices to complete graphs. The
next theorem deals with complete graphs with triangles attached.

Theorem 3.23. Let G be a graph with vertices ay,as,as, 1, ...,T, forn > 4. Suppose the
induced subgraph Gl{zy}r_,] = Ky, d(a;) = 2, N(a;) C {zx}p_y, and N(a;) € N(a;) for all
i # j. Then G is a zero-divisor graph if and only if N(a;) N N(a;) # 0 for alli,j.

We introduce two lemmas to prove the theorem.

Lemma 3.24. Suppose G = I'(S) and I is an ideal of S. Then there cannot exist distinct
x1, 29 € I and distinct ay,aq, a3 ¢ 1 that satisfy the conditions:

)

) {z1, 22} C N(an),

) ay and ag are not adjacent,
)

)

{z: N(ag) UN(a3) C N(z)} CITU
(N(az) UN(a3)) N (N(a)NI)=10.
Proof. Assume for contradiction that the previous conditions hold. Then z%?a; = z1(11a,) =
0 = 22 € ann(a;) N I. Suppose z7 € ann(a;) NI — {0,z;}. Then condition 5 requires
that 22as # 0 and x%a3 # 0. Therefore xyas € I — N(z1), so z1a3 = x; by condition 1.
Similarly zja3 = 21, and (z1a2)as = ;. This is a contradiction since conditions 3 and 4

imply asaz € I U N(x1) C N(x;). Therefore 22 € {0,7,} and similarly z3 € {0, z5}.

(N(x1) N N(z2)), and

Case 1. Suppose 22 = z; and 73 = x5.

Condition 5 implies ay,as are not adjacent to x1, s so x%a; = z1as # 0. Then zay €
I —N(x1) = x1a9 = x1. Similarly, x1a3 = 1. Conditions 3 and 4 imply asaz € N(x1). Then
(r1a9)az = wiaz = xp implies asaz = x1. By symmetry, however, we also get asaz = w4, a
contradiction.

Case 2. Suppose x3 = 0.
Conditions 3 and 4 imply asas € N(xy). Therefore (xias)az = x1(azaz) = 0 = ziay €
N(a3). Condition 5 then requires that zjas ¢ N(ay). However (z1a2)a; = as(r1a1) = 0, a
contradiction.
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We get a similar contradiction when x3 = 0. Therefore we have contradictions in all cases;
so (G is not a zero-divisor graph. [

F1GURE 9. The graph for Example [3.25

Example 3.25. The graph given in Figure [9] is not a zero-divisor graph. Let the ideal be
Ig, and label aq,as,as,x1, 29 as in the figure. The graph then satisfies the conditions of
Lemma [3.24] so it cannot be a zero-divisor graph.

Lemma 3.26. Let G be a graph with vertices a1, as, as, 1, ..., x, where G{zg}i_] = Kn,
(1) N(as) € {obis,
(2) N(a;) € N(a;) for alli# j,
(3) N(a1) N N(az) # 0, N(az) N N(az) # 0, and N(a1) N N(az) =0, and
(4) one of: |[N(a1) — N(az2)| > 1, |[N(a3) — N(az)| > 1, or N(az) € N(a1)U N(a3).
Then G is not a zero-divisor graph.

Proof. Pick x1 € N(ay) — N(ay), which exists by condition 2. Then asx; € N(a1) = aszy ¢
N(a3) by conditions 1 and 3. Hence (asaz)x; = as(asx;) # 0. Since N(az) U N(az) C
N(asasz), we cannot have asas = a; by condition 2. Therefore asas = x1; so asas cannot be
defined if | N (a;) — N(ag)| > 1. Similarly aas cannot be defined if [N (a3) — N(az2)| > 1. Now
suppose {1 = asaz} = N(a1) — N(ag) and {ajas} = N(az) — N(az). Then asz; € N(ay),
and by condition 3, azz; ¢ N(a3). Hence a3z; = as(azr;) # 0; so a3 € {z1,as,a3}. By
assumption ayas € N(as), and ajas # ay since N(ay) U N(az) C N(ajaz). Therefore a3a; =
as(araz) # 0 = a2 ¢ N(ap). Again by condition 2, a3 # ay; so a3 ¢ N(ay). Suppose a? = as.
Then a3 = aya3 = (agaz)az = x1a3 € N(ay), a contradiction. Therefore a3 € {z1,a3}. Now
pick x5 € N(ay) N N(ay). In particular, x5 # x;. Then agrs € N(a;) = aszy ¢ N(as)
by condition 3. Hence ajzs # 0 = a3 # x1, and a3 must equal az. We similarly conclude
a? = a;. We now have (aja3)as = a1(azas) = a;x1 = 0 = ajaz € N(ay). Using condition
2 again, ajag # ag; 80 ajaz € N(az). We also have aq(aja3) = ajaz = ajag ¢ N(aq), and
(a1a3)az = aja3 = ajaz ¢ N(az). Therefore N(az) € N(a1) U N(as3). |

Example 3.27. The graph G given in Figure is not a zero-divisor graph. Labeling
ai,asz,as as in the figure, we observe that V(G) = V(Ky) U {ay, as,a3} and G satisfies the

conditions in Lemma [3.26] so it is not a zero-divisor graph.
13
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FI1GURE 10. Graph for Example [3.27]

:

FIGURE 11. Theorem shows that the graph on the left is a zero-divisor
graph, while the graph on the right is not.

Proof of Theorem [3.23. (=) Suppose without loss of generality that N(a;) N N(a3) = (. If
N(a1) N N(ag) = 0 or N(az) N N(az) = 0, then the graph is not a zero-divisor graph from
Lemma using the ideal I,,. Therefore N(a;) N N(az) # @ and N(az) N N(a3) # 0. Now
G satisfies Lemma [3.26] so it is again not a zero-divisor graph. Therefore N(a;) NN (a;) # 0
for all 1, 5.

(«<) Assume N(a;) NN (a;) # 0 for all i, j, and G is not the refinement of a star graph. Then
let N(ai) N N(az) = {x3}, N(a1) N N(a3z) = {z2}, and N(az) N N(az) = {z1}. Define S
with operations a? = a;, ajay = aja3 = asaz = x,, 7 =0 for i #n, 22 = x,, a;x; = x; for
xj ¢ N(a;)U{z,}, and a;x, = z,,. One can check that S is a semigroup with G =T1'(S). R

Corollary 3.28. Adding at least 4 triangles to a complete graph with at least 4 vertices
results in a zero-divisor graph if and only if the graph is a refinement of a star graph.

Proof. Let G be a complete graph with m > 4 triangles which is not the refinement of a
star graph. We can always remove m — 3 triangles from G to obtain a graph that does not
satisfy the conditions in Theorem [3.23| and is therefore not a zero-divisor graph. It follows
from Proposition that G is also not the graph of a semigroup. [

Example 3.29. See Figure [11]
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4. VERTEX DEGREES

Many of the results in the previous section involved vertex neighborhoods, so we investigate
zero-divisor graphs based on the order of these neighborhoods, or in other words the degrees
of the vertices.

Let A, d denote the maximum and minimum degrees of a graph, respectively.

Lemma 4.1. Let G = I'(S) and 0 # x € S with d(x) = A. Then N(y) C N(x) for all
y & N(x).

Proof. Since z and y are not adjacent, N(x) U N(y) C N(zy) — {z}. If x € N(zy), then
|IN(z) UN(y)| < |N(zxy) — {z}| < A. Then N(y) C N(x) since |[N(z)| = A. Otherwise if
xy ¢ N(x), then N(xz) C N(xy). Since |N(zy)| < A = |N(z)|, we have N(z) = N(zy).
Because = and y are not adjacent, y ¢ N(x) = N(xy) = xy ¢ N(y). Therefore N(y) C
N(zy) = N(x). |

Proposition 4.2. If [0 - (|G| = A —=1)/A]+ 1> A, then G is not a zero-divisor graph.

Proof. Pick x € V with d(z) = A. Then V = {z,y1,...,Yn_a_1,W1,...,wa} where n =
|G|, x —w; fori=1,...,A, and = and y; are not adjacent fori =1,...,n — A — 1. From
Lemma [4.1] we have the inclusion N(y;) € N(x); so y; can only be adjacent to w;’s. Each
y; must be adjacent to at least ¢ vertices (for § - (n — A — 1) total adjacencies), so by the
pigeonhole principle, there must exist w; with degree d(w;) > [6-(n — A —=1)/A]+ 1> A,
a contradiction. [ |

C
<

Recall that G[IA] is the induced subgraph on G of all vertices of maximum degree.

Proposition 4.3. If G = I['(S), then G[IA] is either connected or the graph of isolated
vertices. If G[IA] are isolated vertices, at most one v € In — {0} has z* = 0.

Proof. Suppose G[IA] has more than one connected component, vertices a and b are in the
same component with a — b, and a,b are both not adjacent to ¢. Then from Lemma [{.]
N(c) = N(a) and N(c) = N(b) = a and b are not adjacent, a contradiction.

Suppose G[IA] are isolated vertices and there exist x,y € In — {0} with 2% = y? = 0.
Then z?y = 0 = zy € ann(z). Since IA is an ideal, xy € ann(z) N Ixn = {0,z}. As zy is
nonzero, xy = r = (ry)y = xy = = contradicts zy* = 0. [ |

A Ek-regular graph is a graph where 6(G) = A(G) = k. Many well studied graphs are
regular graphs, and the next theorem provides a necessary and sufficient condition for de-
termining which regular graphs are zero-divisor graphs.

Theorem 4.4. A connected k-reqular graph G is a zero-divisor graph if and only if n—k | n
and G = \/""P(n — kK.

Proof. (=) Define the relation ~ on V by u ~ v if u and v are non-adjacent in G. The
relation ~ is clearly reflexive and symmetric since G is a simple graph. Since G is regular,
every vertex has maximum degree. Then Lemma [4.1| says that u ~ v and v ~ w = N(u) C
N(v) € N(w) = u ~ w; so ~ is transitive. Therefore ~ is an equivalence relation.

Set () = V/~ and consider [v] € Q. Since G is regular, v must be adjacent to k vertices
and therefore not adjacent to n — k vertices, including itself. Hence [v] has order n — k.

Since @ forms a partition of V, n — k | n. It is easy to see that each [v] corresponds to one
15



(n—k)Ky, so G=\"""M(n—k)K;.
(<) Follows from Corollary [2.4] |

Example 4.5. The Petersen graph (see Godsil and Royle|, 2001) is a 3-regular graph with
10 vertices. Since 7 does not divide 10, the Petersen graph is not a zero-divisor graph.

5. SPECIAL GRAPHS

5.1. Removing modified star graphs. We show that a particular collection of graphs
characterized by their complements are never zero-divisor graphs.

Theorem 5.1. Let G be a graph. Suppose the complement G is the graph of m star graphs
with centers ci,ca, ..., ¢y where ¢; is adjacent to B; > 2 degree 1 vertices o1, 2, ..., Qg
and at least two c; vertices are adjacent (see Figure @ Then G s not a zero-divisor graph.

c1 [} Cm

all a1.2 ¥1,p; 2,1 2.2 *2,82 Am,1  Qm,2 Am, B

FIGURE 12. G satisfying conditions of Theorem .

Proof. Suppose G = T'(S). Without loss of generality, let ¢, ca be non-adjacent = ¢ycq # 0.
We then consider the two cases cico = ¢ and cico = g .

Case 1. Suppose cic2 = ¢,. Then {a;z1;} € N(cp) and {2} C N(c2); so {a;;} C
N(e1) UN(e2) € N(eyee) = N(cg), a contradiction.

Case 2. Suppose cica = oy . Without loss of generality, let & # 2. Fix [ such that
1 <1< By Then (crea)an; = oo pao; = 0 = 0 # o) € ann(cy) = coagy # aj. We
notice that N(«;;) € N(za;;). Hence za;; # ¢, for x € S; so the set I = {a;;} U {0}
forms an ideal in S. Therefore coas; € I Nann(c;) = {aiz ;. For i > 2, we have
ci(caan)) = (iagg)ca = 0 = ey # 0 € ann(c;) = ca0n; # qysa,;. Hence coog; = o =
Co(Caug)) = cotay; # 0 = 5 ¢ ann(agy) = 3 ¢ (I — {ag}) U {cin} = & € {c2, a9}
Additionally, (cic2)ca = agpea = 0 = 3 € ann(cy). Since ¢; and ¢y are non-adjacent in G,
we have ¢y € ann(cy). Therefore ¢3 = ag,. This is true for all 1 < < 85 and since By > 2,
we have a contradiction.

There is a contradiction in both cases, so G cannot be a zero-divisor graph. |

Example 5.2. Let GG be the graph in Figure[13] [13] Note that G is one of the graphs mentioned
in Figure 2l The complement G is the union of two star graphs with adjacent centers, so
Theorem [5.1] - implies G is not the graph of a semigroup.

The following theorem is a corollary to a result by |Jiang et al.| (2006)).
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G asz 2 1,2 G sz 2 ap2
FIGURE 13. Graphs G and G in Example .
Theorem 5.3 (Jiang et al., 2006). Let G be the graph of m > 3 star graphs with centers

C1,C2, ..., Cy where ¢; is adjacent to B; > 1 degree 1 vertices a1, 9,...,045, and all ¢; are
adjacent to each other. Then G is not the graph of a semigroup.

5.2. Removing 2 modified star graphs with shared vertices.

Theorem 5.4. Let G be the graph of 2 star graphs with centers ¢y, cy where ¢; is adjacent
to B; > 2 degree 1 vertices a1, ...,q;p,; c1,C2 are adjacent; and ci,ca are both adjacent to
Bs > 1 degree 2 vertices a1, ...,as3,. Then G is the graph of a semigroup.

Proof. Let S = V U {0} with operations ¢ = ¢;, c1ca = @31, G = 1, CQzy =
31, G321 = QG 1, oz§71 = a1, and all other products equal to 0. Checking associativity,
(cici)e; = cicj = agq = gy = ci(cicy) for @ # j. If oy ; # sy, then (c1e2)ayj = agqo; =
0 = c1(c20yj) = ca(crcvj). Next, we have (cic2)asy = asy = ci(ceasq). If @ # k,3, then
cr(ckeij) = 0 = (c2)ay;. Otherwise, cp(cpay ;) = crain = ()auy. If ai; = apy = asy,
then cx(asias1) = ag1 = (cpas)asy. Otherwise cx(a;jon) = 0 = (cra;)an,. Finally,
multiplying three a’s will equal 0 unless all three are a3 ;. Therefore S is a semigroup, and
clearly G = T'(9). |

6. CONCLUSION AND OPEN PROBLEMS

Theorem proves that all graphs with a sufficient number of edges are zero-divisor
graphs. Corollary [2.3] Lemma [3.14] and Corollary give conditions when one may de-
termine if a graph is a zero-divisor graph by inspecting smaller subgraphs. The annihilator,
open neighborhood, and closed neighborhood equivalence relations coupled with quotient
graphs describe properties of the possible semigroups associated to a graph. While work-
ing with quotient graphs, we observed the following conjecture, which we leave as an open
problem.

1,1 Q1,2 1,61 @3,1 @32 3,83 @21 Q2,2 @2,82

FIGURE 14. G satisfying conditions of Theorem m
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Conjecture 6.1. If G is a zero-divisor graph, then so are Z,(G) and Z.(G).

Theorem and Corollary answer the question of when adding at least 3 degree 2
vertices to a complete graph results in a zero-divisor graph. The problem of adding higher
degree vertices to a complete graph is still unsolved.

Theorem provides a necessary and sufficient condition for determining regular zero-
divisor graphs. From our study of maximum vertex degrees, we observe that:

Conjecture 6.2. If A < [|G|/3], then G is not the graph of a semigroup.

We used a computer program to check that Conjecture holds for all graphs with
|G| < 12. The following example shows the difficulty in proving this conjecture.

Example 6.3. Construct a graph G with V' ={a;; : 1 <i<10,1 <j <4}U{x; : 1<
1 S 10}, N(ai,j) = {IZ‘,IL’Z‘_H (mod 10)}, and G[{Z‘Z}] = KlO- As |G| =50 and A = ]_7, we have
A = [|G|/3], which satisfies Conjecture [6.2 Suppose G = I'(S). Then by Proposition [3.1]
removing all vertices a;; for j > 1 results in the graph of a semigroup. This graph is,
however, Ko with 10 triangles and not the refinement of a star graph, and therefore not the
graph of a semigroup by Corollary [3.28, Hence G cannot be the graph of a semigroup.

The graph GG, however, satisfies all previously found necessary conditions, indicating that
Conjecture [6.2| cannot be proved using only known results.

Finally, Theorem proves a general class of graphs are never zero-divisor graphs, in-
cluding many graphs that satisfy all previous conditions. We are, however, still trying to
find a necessary and sufficient condition for determining zero-divisor graphs.
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