Geometric Periods

Jonathan Wang
joint with Tony Feng

Relative Aspects of the Langlands Program, L-Functions and Beyond
Endoscopy
CIRM, May 26, 2021

Jonathan Wang joint with Tony Feng Geometric Periods CIRM May 26, 2021 1/9



> F = global field, G = GLo, H = Gy = (; 2)
> [G] = G(F)\G(A)

Theorem (Hecke, MaaB)
> Let f € Acusp([G]/K) be an unramified eigenform.

» Assume f Whittaker normalized.
Then
L(3, 7, std) :/ f

(H]

Relative Langlands duality (Ben-Zvi-Sakellaridis—Venkatesh)
This is an instance of duality between Hamiltonian varieties
(T*X O G) «— (T*X O G)
X =std = A2 «— X = H\G = G,\GL>

(In this case X and X are both spherical.)
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BZSV! say that period formula should be understood as
Spectral X-period = Automorphic X-period

(not just on cuspidal spectrum!)
» f:[G] — C automorphic form
» o7 :Tg — G the parameter of f

Spectral period Z L(7x) = Automorphic period / f

x€X fixed by of [H]

> The sum runs over derived fixed points of X (when they are isolated)
and L(7x) is the L-value of the tangent complex 7.

'Ben-Zvi-Sakellaridis—Venkatesh
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To understand derived nature of spectral period (among other reasons),
we want to geometrize/categorify periods via geometric Langlands.

> F =TF4(C), C/r, smooth projective curve, G = GL,

Automorphic side

S f
—

Canp([61/6G(0)) C

functions—sheavesé

Shveysp(Bung) — X, Vect

» Everything is derived, e.g., Vect = D(Vect).
» While f[H f only converges sometimes / needs to be regularized, the
functor Px does not need regularization since we can have co-vector

spaces.
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Spectral side
» f—or:m(C)— G
» o <— E, rank 2 local system on C

v

eigenvalues

Grothendieck—Lefschetz trace formula:

v

L(s,w,std) = L(s,o) Langlands L-function: given by Frobenius

L(s,o) = Tr(Frobgq™*, Sym Hé.t(Can E;))
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Cg, — Sym Hgt(ng, E,) Px : D(Bung) — Vect

Categorical (de Rham) geometric Langlands conjecture (GLC)

Replace Fq with C, sheaves with complexes of D-modules.
IndCoh y/ijp(LocSysg) = D(Bung)

skyscraper Cg <— Hecke eigensheaf F¢

> LocSys is the stack of rank 2 local systems on C

Want: Functors IndCoh i), (LocSysy ) — Vect &S D(Bung) — Vect

» By miraculous duality [Drinfeld—Gaitsgory], equivalent to asking for
specific objects to match in IndCoh s, (LocSysg) =2 D(Bung).
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Relative Langlands Duality: X = std, X = G,,\GL,

Spectral period € IndCohpsjp(LocSysg)  Automorphic period € D(Bung)

LocSys)vé := Maps(Cy4r, X/ G) Bung := Maps(C, X/G)
nspecl ll‘l
LocSysg Bung

Bun)G( = Buny — Bung

LocSys% is a derived stack:
OoC ysG IS a derived stac is analogof [H]—)[G]

(M=) "1 ({E}) = RTar(C, E)

Conjecture (Drinfeld, Ben-Zvi-Sakellaridis—Venkatesh)

GLC

(l—lspec)h']dCOh —> I_Il((CBun)é)

& (wLocSys)é )

Toy model: RT(V,0y) = Sym V*. Taking V = RI4r(C, E) “almost”
recovers L-function.
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X =std, X = G,,\GL,

RM4r(C,E) —— LocSys)vé Bung := Buny
l nspecl lrl
E Bun
pt ——— LocSysg G

» X = A? has two G-orbits: 0 and A2 — 0 = G/Mir,
» This gives a distinguished triangle in local/coherent cohomology
°§/ﬂ5td — nipec(w V) - EIST\;IEYZ (wLOCSYSGm) - [1]

X
LocSysC

where I-stalk of Zq at E is Sym H3z(C, E).
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Theorem (Feng-W)

There exist distinguished triangles with ‘graded pieces” matching under
GLC: (Shifts omitted.)

spec spec

Frng > (0 y0) — B (e, ) — [1

IG LC IGLC

TSym(std)(Whit) —_— n!(CBuné) —_— EiSMirg,!(CBunGm) — [1

v

Proof: Unfolding.
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