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I F = global field, G = GL2, H = Gm =

(
∗ 0
0 1

)
I [G ] = G (F )\G (A)

Theorem (Hecke, Maaß)

I Let f ∈ Acusp([G ]/K ) be an unramified eigenform.

I Assume f Whittaker normalized.

Then

L( 1
2 , πf , std) =

∫
[H]

f

Relative Langlands duality (Ben-Zvi–Sakellaridis–Venkatesh)

This is an instance of duality between Hamiltonian varieties

(T ∗X̌ 	 Ǧ )←→ (T ∗X 	 G )

X̌ = std = A2 ←→ X = H\G = Gm\GL2
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Question: Can we categorify Hecke period via geometric Langlands?

I F = Fq(C ), C/Fq
smooth projective curve, G = GL2

Automorphic side

C∞cusp([G ]/G (O)) C

Shvcusp(BunG ) Vect

∫
[H] f

functions–sheaves

PX

Spectral side

I Langlands correspondence: πf ←→ σ : π1(C )→ Ǧ

I σ ←→ Eσ rank 2 local system on C

I L(s, π, std) = L(s, σ) Artin L-function: given by Frobenius eigenvalues

I Grothendieck–Lefschetz trace formula:

L(s, σ) = Tr(Frobqq
−s ,SymH•ét(CFq

,Eσ))
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CEσ 7→ SymH•ét(CFq
,Eσ) PX : D(BunG )→ Vect

Categorical geometric Langlands conjecture (GLC)

Replace Fq with C, sheaves with complexes of D-modules.

QCoh′(LocǦ ) ∼= D(BunG )

skyscraper CE ←→ Hecke eigensheaf FE

I LocǦ is the stack of rank 2 local systems on C

Want: Functors QCoh′(LocǦ )→ Vect
GLC←→ D(BunG )→ Vect

I By miraculous duality [Drinfeld–Gaitsgory], equivalent to asking for
specific objects to match in QCoh′(LocǦ ) ∼= D(BunG ).
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Relative Langlands Duality: X̌ = std, X = Gm\GL2

CEσ 7→ SymH•ét(CFq
,Eσ) PX : D(BunG )→ Vect

RΓdR(C ,E ) LocX̌

pt LocǦ

Πspec

E

BunX := BunH

BunG

Π

Conjecture (Drinfeld, Ben-Zvi–Sakellaridis–Venkatesh)

Πspec
∗ (ωLocX̌

)
GLC←→ Π!(CBunX

)

QCoh′(LocǦ )
GLC∼= D(BunG )
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RΓdR(C ,E ) LocX̌

pt LocǦ

Πspec

E

BunX := BunH

BunG

Π

I X̌ = A2 has two Ǧ -orbits: 0 and A2 − 0 = Ǧ/M̌ir2.
I This gives a distinguished triangle

Lstd → Πspec
∗ (ωLocX̌

)→ Eisspec

M̌ir2
(ωLocGm

)→ [1]

Theorem (Feng-W)

There exist distinguished triangles with “graded pieces” matching under
GLC:

Lstd Πspec
∗ (ωLocX̌

) Eisspec
Mir2

(ωLocGm
) [1]

TSym(std)(Whit) Π!(CBunX
) EisMir2,!(CBunGm

) [1]

GLC GLC

(Shifts omitted.)

Proof: Unfolding.
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