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> F = global field, G = GLy, H = G, = (; 2)

> [6]= G(A\G(A)

Theorem (Hecke, MaaB)
> Let f € Acusp([G]/K) be an unramified eigenform.

» Assume f Whittaker normalized.
Then
L(3,mf, std) :/ f

(H]

Relative Langlands duality (Ben-Zvi—Sakellaridis—Venkatesh)

This is an instance of duality between Hamiltonian varieties

(T*X O G) +— (T*X O G)
X =std = A% «— X = H\G = G,,\GL,
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Question: Can we categorify Hecke period via geometric Langlands?
> F =TF4(C), C/r, smooth projective curve, G = GL;

Automorphic side

S
—

Casp([G1/6(0)) C

functions—sheavesé

Shveusp(Bung) — X, Vect

| A

Spectral side
» Langlands correspondence: ¢ «— o : m1(C) — G
» 0 <— E, rank 2 local system on C
» L(s,m,std) = L(s,o) Artin L-function: given by Frobenius eigenvalues

» Grothendieck—Lefschetz trace formula:

L(s, o) = Tr(Frobgq™*, Sym H&( G, Es))

N
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Cg, — Sym Hgt(C§q, E,) Px : D(Bung) — Vect

Categorical geometric Langlands conjecture (GLC)

Replace Fq with C, sheaves with complexes of D-modules.
QCoh’(Locg) = D(Bung)

skyscraper Cg <— Hecke eigensheaf F¢

> Locg is the stack of rank 2 local systems on C

Want: Functors QCoh’(Locg) — Vect &S D(Bung) — Vect

» By miraculous duality [Drinfeld—Gaitsgory], equivalent to asking for
specific objects to match in QCoh’(Locy) = D(Bung).
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Relative Langlands Duality: X = std, X = G,,\GL,

Cg, +— Sym Hé't(CE, E;) Px : D(Bung) — Vect
RI4r(C, E) —— Locy Buny := Bungy
l nspecl ll‘l
pt —E5 Locg Bung
2

Conjecture (Drinfeld, Ben-Zvi-Sakellaridis—Venkatesh)

GLC
M (wiocg ) ¢ M(Cauny)

GLC
QCoh’(Locy) = D(Bung)
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erR(C, E) E— LOC)V( Bunx = BunH
l nspecl lﬂ
pt £t 5 Locg Bung

» X = A2 has two G-orbits: 0 and A? — 0 = G /Miry.
» This gives a distinguished triangle

Lig = NP (wioey ) = Eishe (wiocs,, ) — [1]

Theorem (Feng-W)

There exist distinguished triangles with ‘graded pieces” matching under
GLC:

L —— nipec(wLoc;() — EiSiﬁﬁZ(wLoch) — [1]

IGLC IGLC

TSym(std)(\/\/hit) — n!((cBunX) — EisMiQ,!(CBunGm) e [1]
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